In this paper general working equations for the Morse (r-r,)' rnatrix elernents are given. These equations can be used to calculate the diagonal ( m = n ) matrix elements and, for the off-diagonal ( m # n ) elements, are simpler to use than the ones currently available in the literature. Also, in this paper a new approach is given which allows one to obtain simple formulas, in closed forrn, for the off-diagonal matrix elements. Explicit expressions are given for 1 = 1, 2, and 3.
I. INTRODUCTION
Fifty years ago Morse' proposed the potentiai a s a model to describe the electronic levels of diatomic molecules. Since then this potentiai, known as the Morse potentiai, has been used in the study of diatomic molecules. Because it describes the two-atomic molecular vibrations e x~e l l e n t l y ,~ it has been extensively used to caiculate vibrational transition probabilities, to predict band intensities, oscillator strengths, and related parameter^.^ Recently, this same potentiai has been found to be useful in the study of molecular dissociation under intense electromagnetic fields4 and, more generaily, in the study of the interaction of coherent radiation with m o l e~u l e s .~ In ai1 these applications of the Morse potentiai the evaiuation of severai matrix elements i s needed. In the majority, these matrix elements a r e of the generai type For vibrationai transitions involving two different electronic states, with each state represented by a potentiai given by Eq. (I), the caiculation of the matrix elements is usuaily done by direct numerical integration o r by an approximate method known a s the a-average m e t h~d .~~~ Recently, an anaiytical expression has been derived718 which enables one to easily evaluate such matrix elements without any approximation. These generai expressions also include the effects of vibrationrotation interaction.
For transitions within the same electronic state, i.e., within the same Morse state, one can find in the literatureg expressions for the 1 = 1 and 1 = 2 matrix elements of Eq. (2) when m f n. Some caiculations have also included the effects of rotation.1° In particular, Herman and Rubinll have given generai expressions for the matrix elements of a rotating Morse oscillator for any desired 1 vaiue in Eq. (2). However, a s noted by Cashion,lo these expressions a r e sufficiently complex to det e r one from using them. Also, since ai1 of the previous work was in the caiculation of the vibrationai transition probabilities for diatomic molecules, the expressions available in the literature1°*12 a r e given for the off-diagonai (m + n ) matrix elements.
In the present paper we derive generai working equations to caiculate the matrix elements of Eq. (2), for transitions within a given Morse state, for ai1 m and n, and, in principie, for ai1 1 vaiues, too. The diagonai matrix elements (m =n), which a r e very important in the theoretical investigation of the interaction of coherent radiation with molecules a s recently reported by Nieto and S i m r n~n s ,~ a s far a s the author knows, have not been reported before for vibrational states other than the ground state. Also, in this paper a new way to calculate the off -diagonal matrix elements, which allows one to derive simpler working equations for these elements, i s given. For rn # n , a new approach can be used to calculate the linear matrix elements. This new approach consists of replacing one of the Laguerre polynomials in Eq. ( 1 9 ) = ( -l ) " " ! ( m -i ) ! r ( k + i -n -m -1 ) . In studying the harmonic band of hydrogen chloride, Dunham" calculated the matrix element (O I r -~~1 2 ) :
where all the symbols in the right-hand side a r e defined in the original paper." After some simplifications and algebraic manipulation, this equation can b e written a s which is the result given in Eq. (17). This matrix element can b e further simplified if one notes that 
For the off-diagonal matrix elements this last expression i s simpler to evaluate then the one given by Eq.
(32) since it involves only one summation and two special functions t o be evaluated. In Eq. (42) the only unknown integral i s the first one involving the terin in the integrand. As before, integrating by parts (n-p) times and then using Eq. (A4) from the Appendix, we find where t = k + i -n -m -1 and
for p a 3 , Y1= Y,=O, (46) z,=+($p)++($p+S)+ 2~+ 2 1 n 2 -2 , f o r p a 3 , Z,=Z,=O, (45) a n d w h e r e X p = O f o r p < 5 a n d Table I .
In principle, for any 1 value, the above procedures can be repeated to give the corresponding matrix elements, but a s 1 increases, the complexity of the M(:: also increases. However, the approach presented here gives results f o r the diagonal matrix elements a s welI a s for the offdiagonal elements. The expressions obtained f o r the off-diagonal matrix elements a r e simpler to evaluate then the others f ound in the literature, e.g., the ones given by Hermann and ~u b i n . " Hopefully, one may find relations like Eq. (24),
We have derived expressions f o r the matrix elements of (Y -r,)' f o r 1 = 1, 2, and 3 between Morse eigenstates. As f a r a s the author knows, this is the f i r s t time that general expressions have been given for the diagonal matrix elements, which a r e important in the study of the interaction of coherent radiation with molecules, a s mentioned in Refs. 4 and 5. F o r the off-diagonal matrix elements a new method of calculation i s presented. This method, which makes use of a special representation of Laguerre polynomials and of s equences of integrations by parts, gives simpler equations f o r the off-diagonal matrix elements than the ones currently available in the literature. These off-diagonal matrix elements a r e important in the calculation of the intensity distribution in the vibration-rotation spectrum of diatomic mole- 
